The behavior of sequences of solutions to the Hitchin-Simpson equations by He, Siqi
ar
X
iv
:2
00
2.
08
10
9v
1 
 [m
ath
.D
G]
  1
9 F
eb
 20
20
THE BEHAVIOR OF SEQUENCES OF SOLUTIONS TO THE
HITCHIN-SIMPSON EQUATIONS
SIQI HE
Abstract. The Hitchin-Simpson equations are first order non-linear equations for a pair
of connection and a Higgs field, which is closely related to the Higgs bundle theory over
Ka¨hler manifold. In this paper, we study the behavior of sequences of solutions to the
Hitchin-Simpson equations over closed Ka¨hler manifold with unbounded L2 norms of the
Higgs fields. We prove a compactness result for the connections and renormalized Higgs
fields.
As an application, we study the realization problem of Taubes’ Z2 harmonic 1-form over
closed Ka¨hler manifold. Using the Hitchin morphism for SL(2,C) Higgs bundle, we give a
necessary and sufficient condition that whether a Z2 harmonic 1-form can be realized by
a sequence of solutions to the Hitchin-Simpson equations.
1. Introduction
The study of compactness problem for flat SL(2,C) connections over 3 and 4 manifold was
pioneered by Taubes [33, 32]. In dimension 4, Taubes also proved a compactness theorem for
SL(2,C) connections of the Kapustin-Witten equations [32] and the Vafa-Witten equations
[34]. We also refer to [12, 38] for related compactness results. In addition, over Riemann
surface, flat SL(2,C) connections are closely related to the theory of Higgs bundle and
Hitchin fiberation. Using the theory of Higgs bundle and complex geometry tools, there are
series of papers gave terrific understandings of the ends of the Taubes’ compactified space,
c.f. [18, 19, 11, 22].
This paper is an attempt to generalize Taubes’ compactness results to higher dimensional
Ka¨hler manifold and to GL(r,C) connection that satisfies the Hitchin-Simpson equations.
The method we use relies on a combination of fundamental contributions by Taubes [33, 32]
on the SL(2,C) connections and Mochizuki [22] on the asymptotic behavior of Higgs bundle
over Riemann surface.
The Hitchin-Simpson equations were introduced by Hitchin [13] on Riemann surface
and studied by Simpson [25, 26] over general Ka¨hler manifold. It has great interaction with
different areas of math, including gauge theory, the theory of Higgs bundles, representations
of fundamental group, etc.
Let (X,ω) be a closed Ka¨hler manifold with real dimension 2n and Ka¨hler class ω, let E
be a rank r complex vector bundle with Hermitian metric H. Let A be a unitary connection
and φ be a End(E) valued Hermitian 1-form. We write dA = ∂¯A + ∂A and φ = ϕ+ϕ
† with
ϕ ∈ Ω1,0X (End(E)), then the Hitchin-Simpson equations for A and φ can be written as
F 2,0A = 0, ∂¯Aϕ = 0, ϕ ∧ ϕ = 0, iΛ(F 1,1A + [ϕ,ϕ†]) = γIdE ,
where Λ : Ω1,1(End(E)) → Ω0(End(E)) is the contraction with the Ka¨hler class and γ is
a constant defined as γ = 2π deg(E)(n−1)!r . In addition, we can define D = dA + φ, then when
deg(E) = 0 and ch2(E).[ω]
n−2 = 0, then the Hitchin-Simpson equations are equivalent to
the flat connection equation D2 = 0.
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Recall a Higgs bundle over Ka¨hler manifold is a pair (E , ϕ), where E is a holomorphic vec-
tor bundle, ϕ ∈ H0(End(E)⊗Ω1,0X ) with integrable condition ϕ∧ϕ = 0. The main advantage
of studying flat connections over Ka¨hler manifold is the Kobayashi-Hitchin correspondence
[10, 13, 25]: there is a one-to-one correspondence between the moduli space of polystable
Higgs bundle and the moduli space of solutions to the Hitchin-Simpson equations.
The Hitchin morphism, which is introduced by Hitchin [14] and studied in [27, 28, 5], also
plays a very important rool in our article. Let MHiggs be the moduli space of polystable
Higgs bundle and let p1, · · · , pr be a basis of invariant polynomials of End(E), then for
any (E , ϕ) ∈ MHiggs, we can define the Hitchin morphism κ(E , ϕ) = (p1(ϕ), · · · , pr(ϕ)) ∈
⊕ri=1H0(SiΩ1,0X ), where SiΩ1,0X is the i-th symmetric tensor of Ω1,0X . Using the Hitchin
morphism, we can study the eigenvalues and spectrum dates of a Higgs bundle.
Our main result is the follows:
Theorem 1.1. Let X be a closed Ka¨hler manifold and let E be a rank r vector bundle
with Hermitian metric H. Let (Ai, φi) be a sequence of solutions to the Hitchin-Simpson
equations (1) and we write ri := ‖φi‖L2(X).
(i) Suppose the sequence {ri} has a bounded subsequence, then there exist a Haus-
dorff codimension 4 singular set ZUh, (E∞,H∞) a rank r Hermitian vector bundle,
A∞ a unitary connection, φ∞ a Hermitian 1-form such that (A∞, φ∞) satisfies the
Hitchin-Simpson equations over X \ ZUh. Moreover, passing to a subsequence and
up to unitary gauge (Ai, φi) convergence smoothly to (A∞, φ∞) over any compact
set of X \ ZUh.
(ii) Suppose the sequence {ri} has no bounded subsequence, we write φˆi := r−1i φi =
ϕˆi + ϕˆ
†
i and denote (p1(ϕˆi), · · · , pr(ϕˆi)) ∈ ⊕ri=1H0(SiΩ1,0X ) be the image under the
Hitchin morphism, then
(a) (p1(φˆi), · · · , pr(φˆi)) convergence smoothly over X to (p1,∞, · · · , pr,∞) with pk,∞ ∈
H0(SkΩ1,0X ), let ZT ⊂ X be the discriminant locus defined by (p1,∞, · · · , pr,∞).
(b) Suppose ZT ( X, then there exists a codimension 4 subset ZUh ⊂ X \ ZT, a
Hermtian vector bundle (E∞,H∞) over X \(ZUh∪ZT), unitary connection A∞
and Hermitian 1-form φ∞ such that over X \ (ZUh ∪ ZT), for any p > 1, up
to unitary gauge and passing to a subsequence, we have (Ai, φˆi) convergence to
(A∞, φ∞) in L
p
1,loc topology
(c) A∞ is a Hermitian-Yang-Mills connection and (A∞, φ∞) satisfies the adiabatic
Hitchin-Simpson equations (12),
(d) ZT and ZUh are complex analytic subset of X. In addition, suppose deg(E) = 0
and ch2(E).[ω]
2n−2 = 0, then ZUh = ∅,
(e) When rank E = 2, then ZT can be choosen to have codimension at least 2.
The discriminant locus are roughly the points in X corresponding to the common eigen-
values of a Higgs fields which will be explicitly defined on Chapter 2. When rank (E) ≥ 3
and Tr(φi) 6= 0, it is possible that ZT = X and in this situation, Theorem 1.1 doesn’t say
anything. The adiabtic Hitchin-Simpson equations will be explicitly defined in Chapter 6.
Here (i) is well-known and follows by classical elliptic theory and Uhlenbeck compactness.
In [33, 32], Taubes introduced the concept of Z2 harmonic 1-form, which roughly is the
boundary of the compactification of flat SL(2,C) connection. A Z2 harmonic 1-form is
a triple (Z,I, v), where Z is a subset of X with codimension at least 2, I is a R bundle
over X \ Z, v ∈ Ω1X ⊗ I is harmonic. There are a lot of interesting papers studied the Z2
harmonic 1-forms, [8, 29, 40]. In addition, when we consider Theorem 1.1 when rank E = 2
and Tr(φi) = 0, the adiabatic Hitchin-Simpson equations will give us a Z2 harmonic 1-form.
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We said a Z2 harmonic 1-form (Z,I, v) can be realized if there exits a sequence of solutions
(Ai, φi) to the Hitchin-Simpson equations convergence to (Z,I, v) in the sense of Theorem
1.1. Over a closed Ka¨hler manifold, we could give the following description when a Z2
harmonic 1-from can be realized by a sequence of solutions:
Theorem 1.2. Let X be a closed Ka¨hler manifold, let MHiggs be the moduli space of
SL(2,C) polystable Higgs bundle and write κ : MHiggs → H0(S2Ω1,0X ) be the Hitchin mor-
phism.
(i) Let (Z,I, v) be a Z2 harmonic 1-form over X such that there exists a sequences of
solutions to the Hitchin-Simpson equations convergence to (Z,I, v), then
(v ⊗ v)(2,0) ∈ Im κ ⊂ H0(S2Ω1,0X ),
where Im κ is the closure of Im κ.
(ii) Let s ∈ Im κ, then for every Z2 harmonic 1-form (Z,I, v) with (v ⊗ v)(2,0) = s,
there exists a sequence of solutions to the Hitchin-Simpson equations converge to
(Z,I, v).
Conventions. In all estimates below, C,C ′, are all constants which arise and depend
only on X, E and the background Hermitian metric H over E, but whose values change
from one line to the next. We always specify when a constant depends on further data.
In this paper, we always denote X be a closed Ka¨hler manifold with Vol(X) = 1 and
dimR(X) = 2n. We usually write R0 as the injective radius of X.
Acknowledgements. The author wishes to thank Mark Cataldo, Tsao-Hsien Chen,
Xuemiao Chen, Alexander Doan, Simon Donaldson, Andriy Haydys, Rafe Mazzeo, Clifford
Taubes, Song Sun for numerous helpful discussions. Part of this work was done when the
author was visiting Stanford University and the author is grateful to the Stanford math
department for their hospitality.
2. Higgs bundles and the Hitchin-Simpson equations over Ka¨hler manifold
In this section, we will introduce the theory of Hitchin [13] and Simpson [25, 26] about
Higgs bundles and the Hitchin-Simpson equations over closed a Ka¨hler manifold.
2.1. Higgs bundles over Ka¨hler manifold. Let E be a complex vector bundle over a
Ka¨hler manifold X, we write Ωp,qX (E) be the E-valued (p,q) forms over X. The holomorphic
structures over E can be identified with connections ∂¯E : Ω
0
X(E)→ Ω(0,1)X (E) with integrable
condition ∂¯2E = 0. We usually write E = (E, ∂¯E) be a holomorphic vector bundle.
Definition 2.1. A Higgs bundle on X is a pair (∂¯E , ϕ) such that
• ∂¯E : Ω0X → Ω0,1X is a connection with ∂¯2E = 0, which gives a holomorphic structure
of E,
• ϕ : E → E ⊗ Ω1,0X is holomorphic ∂¯Eϕ = 0. We write ϕ ∈ H0(End(E) ⊗ Ω1,0X ) and
call ϕ a Higgs field.
• ϕ ∧ ϕ = 0.
We define the complex gauge group GC := Aut(E), then for g ∈ GC, GC acts on Higgs
bundle by g(∂¯E , ϕ) := (g
−1 ◦ ∂¯E ◦ g, g−1 ◦ ϕ ◦ g).
To form the moduli space of the Higgs bundle, we need to introduce the concept of the
stability.
Definition 2.2. For every holomorphic bundle E, we define the slope of the bundle µ(E) :=
deg E
rankE . A Higgs pair (E , ϕ) is stable if for every ϕ-invariant holomorphic subbundle F ⊂ E,
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ϕ(F) ⊂ F ⊗ Ω1,0X , we have µ(F) < µ(E). A Higgs pair (E , ϕ) is polystable if it is a direct
sum of stable Higgs bundles.
The GC orbit of polystable Higgs bundle are closed and we can define the Higgs bundle
moduli spaceMHiggs := {Polystable Higgs bundles (E , ϕ)}/GC. In addition, we call a Higgs
bundle (E , ϕ) an SL(r,C) Higgs bundle if det(E) ∼= OX , rank E = r and Tr(ϕ) = 0.
2.2. The Hitchin-Simpson equations and the Kobayashi-Hitchin correspondence.
Now, we introduce the Hitchin-Simpson equations which is defined by Hitchin [13] over
Riemann surfaces and Simpson over general Ka¨hler manifolds [25].
2.2.1. The Hermitian Geometry over Ka¨hler Manifold. Let X be a closed Ka¨hler manifold
with Ka¨hler metric g. We denote the corresponding Ka¨hler class as ω. In an orthogonal
normal frame dzi of X with |dzi|2 = 2, we write ω = i2
∑n
i=1 dzi ∧ dz¯i. Then we can define
the contraction map with the Ka¨hler class Λ : Ωp,qX → Ωp−1,q−1X which acts on Ω1,1X by
Λ(
∑
αβ aαβdzα ∧ dz¯β) = −2i
∑n
i=1 aii. In addition, we have Λα.volg =
1
(n−1)!α ∧ ωn−1, for
α ∈ Ω1,1X .
Let E be a rank r complex vector bundle with Hermitian metric H and let dA be a
connection on E. We define a connection dA is unitary w.r.t to the Hermitian metric H
if for any section s1, s2 of E, we have dH(s1, s2) = H(dAs1, s2) +H(s1, dAs2). If we write
dA = ∂A + ∂¯A, the A unitary is equivalent to dH(s1, s2) = H(∂¯As1, s2) +H(s1, ∂As2).
Given a Higgs bundle (∂¯E , ϕ), we can define the adjoint ∂H , ϕ
† as follows:
∂H(s1, s2) = H(∂¯Es1, s2) +H(s1, ∂Hs2), H(ϕs1, s2) = H(s1, ϕ
†s2),
where s1, s2 are sections of E. Therefore, given any Hermitian metric, we can define a
unitary connection dA := ∂¯+∂H and a Hermitian 1-form φ := ϕ+ϕ
†. We denoteD := dA+φ,
then D is a complex connection with the curvature D2 = F
(1,1)
A + [ϕ,ϕ
†]. If D2 = 0, then
we call D a flat connection.
For any connection ∂¯ : Ω
(p,q)
X (E) → Ω(p,q+1)X (E) and ∂ : Ω(p,q)X (E) → Ω(p+1,q)X (E), using
the metric on E and the Ka¨hler metric on X, we can define the adjoint operator ∂¯⋆, ∂⋆ and
they will satisfy the Ka¨hler identities
∂⋆ = i[Λ, ∂¯], ∂¯⋆ = i[Λ, ∂].
Moreover, for the action of Laplacian ∆ on Ω0X , we have ∆ = d
⋆d = 2∂⋆∂ = 2∂¯⋆∂¯ =
2iΛ∂¯∂. In addition, for every s ∈ Ω1,0(E) and we denote s† be the adjoint of s, then we
have iΛ(s ∧ s†) = |s|2.
2.2.2. The Hitchin-Simpson equations over Ka¨hler manifold. Let (E,H) be a rank r Her-
mitian vector bundle, the Hitchin-Simpson equations are equations for a unitary connection
A and a Hermtian 1-form φ = ϕ+ ϕ†:
F 0,2A = 0, ϕ ∧ ϕ = 0, ∂¯Aϕ = 0,
iΛ(F⊥A + [ϕ,ϕ
†]) = 0,
(1)
where F⊥A = F
1,1
A − γ(E)Id is the trace free part of F 1,1A and γ(E) = 2π deg(E)(n−1)!r .
The first three equations of (1) is invariant under the complex gauge group g ∈ GC which
define a Higgs bundle (∂¯A, ϕ). In addition, (dA, φ) is the Chern connection for (∂¯A, ϕ)
together with the Hermitian metric H. Therefore, we can also regard (1) as equations for
a triple (∂¯, ϕ,H).
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In addition, we define the complex gauge group g ∈ GC acts on (A,φ) by
dAg = ∂¯Ag + ∂Ag = g
−1 ◦ ∂¯A ◦ g + g† ◦ ∂A ◦ g†−1,
φg = ϕg + (ϕg)† = g−1 ◦ ϕ ◦ g + g† ◦ ϕ† ◦ g†−1.
The complex gauge group GC also acts on the Hermitian metric as Hg(s1, s2) = H(gs1, gs2)
for any sections s1 and s2. We have the following proposition explaining the relationship
between these two descriptions:
Proposition 2.3. Let E be a complex vector bundle over X, suppose (∂¯A, ϕ,H) is a solu-
tion to the Hitchin-Simpson equations, then (∂¯Ag , ϕ
g,Hg) is also a solution to the Hitchin-
Simpson equations.
Let Ag, φg be the Chern connection of (∂¯Ag , ϕ
g,Hg), then we have |FAg |Hg = |FA|H and
|φg ∧ φg|Hg = |φ ∧ φ|H .
Proof. Let s1, s2 be two sections of E, we compute
Hg(∂¯gs1, s2) = H(g∂¯
gs1, gs2) = H(∂¯(gs1), s2)
= ∂H(gs1, gs2)−H(gs1, ∂A(gs2)) = ∂Hg(s1, s2)−Hg(s1, g−1∂Ags2).
Therefore, using the Hermitian metric Hg for the adjoint, we have dAg = g
−1 ◦ dA ◦ g and
similarly, we have φg = g−1 ◦ φ ◦ g. We write φg = ϕg + (ϕg)†, then FAg = g−1 ◦ FA ◦ g and
[ϕg, (ϕg)†] = g−1 ◦ [ϕ,ϕ†] ◦ g. The proposition follows immediately. 
We define the unitary gauge transform G := {g ∈ GC|gg† = IdE}, then G preserves (1).
We define the moduli space of the Hitchin-Simpson equations MHS as
(2) MHS := {(A,φ)|(A,φ) satisfies (1)}/G.
In addition, there is a natural map Ξ :MHS →MHiggs given by forgetting the second line of
(1). We define (A,φ) irreducible if Ker dA|Ω0
X
= Ker [φ, ]|Ω0
X
= 0 and completely reducible
if the pair (A,φ) are direct sums of irreducible pairs.
Theorem 2.4. [13, 25] The map Ξ is one-to-one. To be explicitly, given any Higgs bundle
(E , ϕ), there exists an irreducible solution (A,φ) to the Hitchin Simpson equations (1) with
∂¯A = ∂¯E and φ(1,0) = ϕ if and only if the Higgs bundle is stable, and a reducible solution if
and only if it is polystable.
2.2.3. Energy Identity for Solutions to the Hitchin-Simpson Equations. For every pair (A,φ =
ϕ+ ϕ†) with ∂¯Aϕ = 0 and ϕ ∧ ϕ = 0, we define the energy function of (A,φ) as E(A,φ) =´
X
|FA + [ϕ,ϕ†]|2 + |dAφ|2 then we have
Proposition 2.5. Let (A,φ) be a solution to the Hitchin-Simpson equations (1), then
E(A,φ) = 4π2
ˆ
X
ch2(E) ∧ ω
n−2
(n − 2)! + γ
2rank(E).
Proof. We have the following energy identity:
E(A,φ) =
ˆ
X
|iΛ(FA + [ϕ,ϕ†]− γId)|2 + γ2rank(E) + 4π2
ˆ
X
ch2(E) ∧ ω
n−2
(n− 2)!(3)

Corollary 2.6. [25] Suppose deg(E) = 0 and ch2(E).[ω]
n−2 = 0, then (1) is equivalent to
the flat connection equations for the complex dA + ϕ+ ϕ
†:
F 0,2A = 0, ϕ ∧ ϕ = 0, ∂¯Aϕ = 0,
F 1,1A + [ϕ,ϕ
†] = 0.
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2.3. Hitchin Morphism and Spectrum Cover. We will introduce the spectrum geom-
etry of Higgs bundle moduli space, which is introduced by Hitchin on Riemann surface
[13, 14].
2.3.1. Hitchin Morphism. Let (E , ϕ) be a Higgs bundle over X. As ϕ ∈ H0(X,End(E) ⊗
Ω1,0X ), if pk is a invariant polynomial of End(E) with deg(pk) = k, it defines a map pk :
H0(X,End(E)⊗Ω1,0X )→ H0(SkΩ1,0X ), where SkΩ1,0X are the symmetric product of Ω1,0X . We
define the Hitchin base AX := ⊕ri=1H0(X,SiΩ1,0X ) and let p1, ..., pr be a basis for the ring
of invariant polynomials on End(E), we can define the Hitchin morphism
κ :MHiggs → AX ,
κ(E , ϕ) = (p1(ϕ), · · · , pr(ϕ)).(4)
2.3.2. Spectrum Cover. Given any element Θ = (p1, · · · , pr) ∈ AX , we can define the
spectral cover SΘ of X:
(5) SΘ := {λ ∈ Ω1,0X |λr + p1λr−1 + · · ·+ pr = 0}.
Locally, we can choose a trivialization of Ω1,0X
∼= Cn and consider the defining equation of
SΘ on each component of C
n. However, this definition will depends on the choice of the
trivialization. We need the input of the integrable condition ϕ ∧ ϕ.
Proposition 2.7. [16] If Θ = κ(ϕ) for some Higgs field ϕ satisfies ϕ ∧ ϕ = 0, then SΘ is
well-defined.
Let (E , ϕ) be a Higgs bundle, for each p ∈ X, we define λ ∈ Ω1,0X be the eigenvalue of ϕ if
there exists a section s ∈ E|p such that ϕs = λs. In addition, λ will be holomorphic as λ is
a solution of SΘ. Based on the previous proposition, the ϕ∧ϕ = 0 will guarantee that over
every point of X, ϕ has well-defined eigenvalues. Therefore, given a Higgs bundle (E , ϕ)
with spectral cover SΘ, then the points in SΘ correspond to different eigenvalues of ϕ.
Let λ1, λ2, · · · , λr be r eigenvalues of ϕ, then we define the discriminant section as:
∆ϕ :X → (Ω1,0X )r
2−r
p→
∑
1≤i<j≤r
(λi(p)− λj(p))2.(6)
The zero set of the discriminant section will be the called the discriminant locus, which we
denoted as ZΘ. The spectral cover are ramified along the discriminant locus.
2.3.3. The Image of the Hitchin Morphism. Over general Ka¨hler manifold, due to the con-
dition that ϕ ∧ ϕ = 0, one should not expect that κ is surjective. The Hitchin morphism
will factor through a subset of AX based on the condition ϕ ∧ ϕ = 0.
Given Θ = (s1, · · · , sr) ∈ AX , with spectral cover SΘ = {λ|λr + s1λr−1 + · · ·+ sr = 0}.
Definition 2.8. We define BX consists of elements Θ = (s1, · · · , sr) ∈ AX such that there
exists a proper subset ZΘ ( X and for every p ∈ X \ZΘ, there exists r holomorphic sections
(v1, · · · , vr) of Ω1,0X such that
s1 = v1 + v2 + · · · + vr,
s2 = v1v2 + v1v3 + · · · + vr−1vr,
· · ·
sr = v1 · · · vr.
Theorem 2.9. [5]The space BX satisfies the following properties:
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(i) BX is closed in AX and Im κ ⊂ BX . In addition, for Θ ∈ BX , then spectral cover
SΘ is well-defined.
(ii) After restricting the Hitchin morphism to the rank 2 trace free Higgs bundle moduli
space, we define BX = {s ∈ H0(S2Ω1,0X )|rank s ≤ 1}, then Im κ ⊂ BX
Proof. We will only use the statement of (ii) in our paper and we will give a direct proof.
MSL(2,C)Higgs be the moduli space of polystable SL(2,C) Higgs bundle, then the Hitchin base
for MSL(2,C)Higgs will be AX = H0(S2Ω1,0X ) and the Hitchin morphism can be written as
κ(ϕ) = det(ϕ). We choose a local holomorphic frame {dz1, · · · , dzn} of T ⋆X and write
ϕ =
∑n
i=1 ϕidzi. Then the condition ϕ ∧ ϕ = 0 is equivalent to [ϕi, ϕj ] = 0. Suppose at
some p ∈ X, ϕ|p 6= 0, without loss of generality, we can assume ϕ1 6= 1. As the Cartan sub-
algebra of sl2 is rank 1, we set σ = ϕ1 then ϕj = λjϕi. If we set v = dz1+λ2dz2+· · ·+λndzn,
then ϕ = σ ⊗ v. Therefore, det(ϕ) = det(σ)v ⊗ v ∈ BX , in other word, Im(κ) ⊂ BX . 
We have the following easy but important corollary follows by the closeness of BX .
Corollary 2.10. Let si ∈ BX and suppose si convergence to s∞ ∈ AX in C∞ topology,
then s∞ ∈ BX . In other word, we have a well-defined spectrum cover for s∞.
As every Θ ∈ BX , the spectrum cover SΘ has well-defined eigenvalues, we can define
the discriminant section ∆Θ : X → (Ω1,0X )r
2−r in the same way as (6), then as ∆Θ can be
expressed as invariant polynomials, ∆Θ is holomorphic over X, ∆Θ ∈ H0((Ω1,0X )r
2−r). We
define the discriminant locus DΘ := ∆
−1
Θ (0) and obtain
Proposition 2.11. The discriminant locus is complex analytic. When r = 2, s1 = 0 and
Θ 6= 0 , then DΘ will be codimension at least 2.
Proof. As DΘ is the zero set of a holomorphic section, the complex analytic statement
follows immediately. When r = 2 and s1 = 0, then Θ = s2 6= 0. There DΘ = s−12 (0) will be
codimension at least 2. 
Remark. There are many examples of Higgs bundle (E , ϕ) has discriminant locus ZΘ = X,
where rank E = 3. Given any rank 2 Higgs bundle (E , ϕ), let (L, 0) be a rank 1 Higgs bundle
with vanishing Higgs field, then the discriminant locus of (E ⊕ L,ϕ⊕ 0) will be X.
2.4. Tensor Products of the Higgs Bundles. Follows by [26], we can define different
operators, including the tensor product, dual, pull back of the Higgs bundles in an obvious
way.
To be more explicit, let (E1, ϕ1) and (E2, ϕ2) be two Higgs bundle, then we can define
the tensor product of the Higgs bundle as (E1 ⊗ E2, ϕ1 ⊗ IdE2 + IdE1 ⊗ ϕ2). Let D1 :
E1 → E1 and D2 : E2 → E2 be two complex connection, then for ei ∈ Γ(Ei), we can
define D1 ⊗ D2(e1 ⊗ e2) := D1(e1) ⊗ e2 + e1 ⊗ D2(e2). For any Hermitian metric H1,H2
over E1, E2, we can define a Hermitian metric over the tensor product bundle E1 ⊗ E2 with
H1 ⊗H2(e1 ⊗ e2, f1 ⊗ f2) = H1(e1, f1)H2(e2, f2), where ei, fi ∈ Γ(Ei).
The Kobayashi-Hitchin correspondence behaves well under the tensor product and fol-
lowing proposition follows directly by a straight forward computation.
Proposition 2.12. Let (E1, ϕ1,H1) and (E2, ϕ2,H2) be two solutions to the Hitchin-Simpson
equations with D1, D2 be the corresponding complex connections, then ((E1, ϕ1)⊗(E2, ϕ2),H1⊗
H2) is a solution to the Hitchin-Simpson equations with D1⊗D2 be the corresponding com-
plex connection.
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3. L21 Convergence and the Eigenvalue Estimates
This section will be the starting point for the analysis of sequences of solutions (Ai, φi)
to (1). We will give a L21 estimate of |φi| and C∞ estimate for the invariant polynomials of
φi.
3.1. Useful Identities. To begin with, we will compute some useful identities for solutions
to the Hitchin-Simpson equations. Let (E,H0) be a Hermitian vector bundle over X with
Hermitian metricH0 and let (A,φ = ϕ+ϕ
†) be a solution to the Hitchin-Simpson equations,
then
Lemma 3.1. (i) 〈[iΛ[ϕ,ϕ⋆], ϕ], ϕ〉 = 12 |[ϕ,ϕ†]|2.
(ii) Let s be a holomorphic section of E with [ϕ, s] = 0, then
∆|s|2 + 2|∂As|2 + 2|[ϕ†, s]|2 = 0,(7)
(iii) Let A,φ = ϕ+ϕ† be a solution to the Hitchin-Simpson equation (1), we denote ∇A
be the wrapped connection of dA and the Levi-Civita connection over Ω
1(End(E)),
then we have the identity:
(8) ∆|φ|2 + 2|∇Aφ|2 + 2|[ϕ,ϕ†]|2 + 2Ric(φ, φ) = 0,
where suppose we choose a real frame dxi and write φ =
∑2n
i=1 φidxi, then Ric(φ, φ) =∑2n
i,j=1Ricijφiφj and Ricij is the Ricci curvature over the plane dxi ∧ dxj .
Proof. For i), let A,B be any two matrix with [A,B] = 0, then Tr([[A,A†], B]B†) =
Tr([A†, B][A,B†]) = 〈[A,B†], [A,B†]〉. Locally, let dz1, dz2, · · · , dzn be a orthonormal basis
of Ω1,0X and we write ϕ =
∑n
i=1 ϕidzi. Then the condition ϕ ∧ ϕ = 0 implies [ϕi, ϕj ] = 0.
We compute 〈[iΛ[ϕ,ϕ⋆], ϕ], ϕ〉 = ∑ni,j=1 2〈[[ϕi, ϕ†i ], ϕk], ϕk〉. As [ϕi, ϕk] = 0, we obtain
〈[[ϕi, ϕ†i ], ϕk], ϕk〉 = 〈[ϕi, ϕ†k], [ϕi, ϕ†k]〉. The claim follows by |[ϕ,ϕ†]|2 = 4
∑
i,j |[ϕi, ϕ†j ]|2.
For ii), let s be a holomorphic section of a vector bundle E with connection dA and
curvature FˆA, then we compute
∆|s|2 = 2∂¯⋆∂¯|s|2 = −2iΛ∂∂¯|s|2 = −2iΛ∂〈s, ∂As〉
= −2iΛ〈∂As, ∂As〉 − 2iΛ〈s, ∂¯A∂As〉 = −2|∂As|2 + 2iΛ〈F 1,1A s, s〉.
(9)
By (1), we obtain iΛFA = −iΛ[ϕ,ϕ†] + γ(E)IdE, where γ(E) = 2π deg(E)(n−1)!r . In addition, as
[ϕ, s] = 0, we compute
〈2iΛFAs, s〉 = −4〈s,
n∑
i=1
[[ϕi, ϕ
†
i ], s]〉+ 〈s, [2γ(E)IdE, s]〉
= −4〈s,
n∑
i=1
[ϕi, [ϕ
†
i , s]]〉 = −4
∑
j
|[ϕ†j , s]|2 = −2|[ϕ†, s]|2.
For (iii), we consider ϕ as a holomorphic section of Ω1BR ⊗ End(E), and denote dA be
the Chern connection of H. The Hermitian metric H of E and metric g of BR induced a
metric of Ω1BR ⊗End(E) with induced connection ∇A. We write the induced curvature over
Ω1BR ⊗ End(E) as Fˆ , then iΛFˆϕ = [iΛFA, ϕ] + Ric(ϕ), where Ric is the Ricci tensor of g.
By the Weizenbo¨ck formula, we obtain
∆|ϕ|2 = −2|∇Aϕ|2 + 2〈iΛFˆ ϕ, ϕ〉
= −2|∂Aϕ|2 + 2〈iΛFAϕ,ϕ〉 − 2Ric(ϕ,ϕ)
= −2|∇Aϕ|2 − |[ϕ,ϕ†]|2 − 2Ric(ϕ,ϕ).
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
3.2. L∞ estimates. In this subsection, we will explain some techniques developed by
Taubes [32], which used (8) and ‖φ‖L2(X) to control ‖φ‖L∞(X) when dim(X) ≤ 4. There
are also some generalizations without the dimension assumption [6].
Lemma 3.2. [6, 32] Let |f | be a non-negative function. Suppose there exists positive con-
stants R, δ satisfies ∆|f |2 + |d|f ||2 ≤ R|f |2, ´
X
|f |2(1+δ) ≤ C, then ´
X
|f |(1+δ) 2nn−2 ≤ Cδ,
where Cδ is a constant depends on δ.
Proof. First, we multiple |f |2δ in both side of the inequality and integrating it over X, then
we obtained ˆ
X
(|f |2δ∆|f |2 + |f |2δ|d|f ||2) ≤ C
ˆ
|f |2+2δ.
In addition, we computeˆ
X
|f |2δ∆|f |2 + |f |2δ|d|f ||2 = (4δ + 1)
ˆ
X
|f |2δ|d|f ||2,
ˆ
X
|d|f |1+δ|2 = (1 + δ)2
ˆ
X
|d|f ||2|f |2δ.
Therefore, we obtainˆ
X
|d|f |1+δ|2 ≤ 4δ + 1
(1 + δ)2
(
ˆ
X
|f |2δ∆|f |2 + |f |2δ|d|f ||2).
As
´
X
|f |2(1+δ) + |d|f |1+δ |2 ≤ Cδ, by the Sobolev inequality L21 →֒ L
2n
n−2 , we obtain the
desire estimate. 
Proposition 3.3. [6, 32] Given any solution (A,φ) to the Hitchin-Simpson equations, for
any p > 1, we have ‖φ‖Lp(X) ≤ C‖φ‖L2(X).
Proof. By Lemma 3.1 and Kato inequality, we have ∆|ϕ|2 + 2|d|ϕ||2 ≤ C|ϕ|2. Integrating
over X, we have
´
X
|d|ϕ||2 ≤ C ´
X
|ϕ|2. By Sobolev inequality, we obtain ´
X
|ϕ| 2nn−2 ≤ C.
Take δ0 such that 2 + 2δ0 =
2n
n−2 , applying Lemma (3.2). We obtain
´
X
|a|(1+δ0) 2nn−2 ≤ C.
For k ≥ 1, we define 2 + 2δk = (1 + δk−1) 2nn−2 , by iteration using Lemma 3.1, we obtain´
X
|ϕ|2δk+2 ≤ C. As limk→∞ δk =∞, we obtain the desire estimate. 
Proposition 3.4. Given any solution to the Hitchin-Simpson equations, we have supX |φ| ≤
C‖φ‖L2(X).
Proof. For each p ∈ X, let BR be a radius R ball centered in p and denote r be the distance
function to p. We take a cut off-function β(r) which vanishes at ∂B2R and equals to one
on BR. Let Gp be the Green function of ∆ at p, then by (8), we obtainˆ
X
(βGp∆|φ|2 + 2βGp|∇Aφ|2 + 2χGp|φ ∧ φ|2) ≤ C
ˆ
B2R
Gp|φ|2.
We compute ˆ
X
βGp∆|φ|2 =
ˆ
X
∆(βGp)|φ|2 = |φ|2(p) +
ˆ
B2R
Θ|φ|2,
where Θ = 〈∇χ,∇Gp〉−〈∆, χGp〉, with ‖Θ‖L∞ ≤ CR1−2n. As βGp|∇Aφ|2+χGp|φ∧φ|2 ≥ 0,
we obtain
|φ|2(p) ≤ R1−2n
ˆ
B2R
|φ|2 +
ˆ
B2R
Gp|φ|2.
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As |Gp| ≤ R2−2n, we let l = 2n−12n−2 and q = 11− 1
l
= 2n − 1 and by Ho¨lder inequality, we
obtain
´
B2R
Gp|φ|2 ≤ (
´
B2R
|Gp|l) 1l (
´
B2R
|φ|2q) 1q . By Proposition 3.3, we obtain the desire
bound. 
Proposition 3.5. Let (Ai, φi) be a sequence of solutions to the Hitchin-Simpson equations,
let ri := ‖φi‖L2(X) and write φˆi = r−1i φi, then
i)
´
X
|d|φ̂i||2 + |φ̂i|2 ≤ C,
ii) |φi| convergence weakly in the L21 topology and strongly in Lp topology for any p <∞.
Proof. We integrating (8) and obtain
´
X
|dAi φˆi|2+ |φˆi|2 ≤ C. By Kato inequality, we obtain
i). As φˆi weak convergence to µ∞ in L21 topology, by Sobolev embedding, we obtained the
strong convergence in Lp for any p < 2n
n−1 . By Proposition 3.4, sup |φ̂i| is bounded implies
the strong convergence of |φˆi| in Lp for all p, which completes ii). 
3.3. C0 Estimate in terms of Eigenvalues. For any R > 0, p ∈ X, we set BR := {z ∈
X|dist(z, p) < R} be the unit disc with radius R and g be the Ka¨hler metric over BR. Let
(E , ϕ) be a rank r Higgs bundle, we consider a solution (E , ϕ,H) to the Hitchin-Simpson
equations (1) over BR.
Lemma 3.6. [26] For every matrix A with eigenvalues λ1, · · · , λr, we write g(A) =
∑r
i=1 |λi|2,
then |[A,A†]|2 ≥ C(|A|2 − g(A)).
Proof. We choose a unitary bases such that A = P + N , where P is diagonal and N is
strictly upper triangle. Then |A|2 = |P |2+ |N |2 = g(A)+ |N |2. Now we will present a proof
in [39] which prove |[N,N †]| ≥ C|N |2 by contradiction. Suppose there exists a sequence
Ni which are strictly upper triangle with |Ni| = 1 and lim |[Ni, N †i ]| = 0. Passing to a
subsequence, we have limNi = N∞ such that |N∞| = 1 and |[N∞, N †∞]| = 0. If we denote
a1, · · · , ar and b1, · · · , br be the rows and columns of N , then the condition [N,N †] = 0
implies that |ai|2 = |bi|2. We have a1 = 0, then b1 = 0, which implies a2 = 0. Continuing
this induction, we obtain N = 0, which gives a contradiction. 
Corollary 3.7. Let (E , ϕ) be a Higgs bundle with Hermitian metric H, let λ1, · · · , λr be r
different eigenvalues of the Higgs bundle. We denote g(ϕ) :=
∑r
i=1 |λi|2, then there exists
a constant independent of the Higgs bundle such that |[ϕ,ϕ†]|2 ≥ C(|ϕ|2 − g(ϕ))2.
Proof. This is a local statement and near a point p ∈ X with open neighborhood BR, we
choose a orthonormal base dz1, · · · , dzn such that ϕ =
∑r
j=1 ϕjdzj . We denote λ
j
1, · · · , λjr
be the eigenvalues of ϕj and denote gj(ϕ) =
∑r
i=1 |λji |2. Then g(ϕ) =
∑r
j=1 gj(ϕ). As
|ϕ|2 = ∑rj=1 |ϕj |2, we compute
|[ϕ,ϕ†]|2 ≥
n∑
i=1
|[ϕi, ϕ†i ]|2 ≥ C
n∑
i=1
(|ϕi|2 − gi(ϕ))2
≥C
n
(
n∑
i=1
(|ϕi|2 − gi(ϕ)))2 ≥ C ′(|ϕ|2 − g(ϕ))2.

Proposition 3.8. [26] Let (E , ϕ) be a Higgs bundle with Hermitian metric H which solves
the Hitchin-Simpson equations over BR. Let M be the maximal of the eigenvalues of ϕ over
BR, then there exists a constant such that
max
BR
2
|ϕ|H ≤ C(M + 1).
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Proof. By Lemma 3.1, we obtain
∆|ϕ|2 ≤ −|[ϕ,ϕ†]|2 + C|ϕ|2.
Over BR, we denote λ1, · · · , λr be the eigenvalues of ϕ and define g :=
∑r
i=1 |ϕ|2, then by
Corollary 3.7, we obtain
∆|ϕ|2 ≤ −C(|ϕ|2 − g)2 + C ′|ϕ|2.
Over BR
2
, suppose |ϕ| achieved maximal at some point in BR
2
, we denote Q := maxBR
2
|ϕ|,
then we obtain Q(Q− C) ≤ C ′g ≤ C ′M. Therefore, either we have Q ≤ 2C or Q ≤ C′
C
M ,
which implies the claim. 
3.4. Comparing Different Norms of the Higgs fields. Let (A,φ = ϕ+ϕ†,H) be a solu-
tion to the Hitchin-Simpson equations (1), let κ(ϕ) = (p1(ϕ), · · · , pr(ϕ)) ∈ ⊕ri=1H0(SiΩ1,0X )
be the invariant polynomials of (E , ϕ) under the Hitchin morphism κ. In this section, we
will compare the size of the following norms ‖ϕ‖L2(X), ‖ϕ‖L∞ and max1≤k≤r ‖pk(ϕ)‖
1
k
L2(X)
.
Proposition 3.9. We have the following estimates:
(i) Let λ be an eigenvalue of ϕ, then |λ| ≤ |ϕ|.
(ii) ‖pk(ϕ)‖
1
k
L2
l
(X)
≤ Cl‖φ‖L2(X), where the constant Cl depends on the positive integer
l.
Proof. Locally, let λ be the eigenvalue with eigenvector s, we have |λ|2〈s, s〉 ≤ 〈ϕs, ϕs〉 ≤
|ϕ|2|s|2, which implies (i). For (ii), as pk(ϕ) are invariant polynomials of ϕ, we obtain
‖pk(ϕ)‖L2(X) ≤ |ϕ|kL∞(X). In addition, as pk(ϕ) ∈ H0(SkΩ1,0X ) are holomorphic sections,
then by elliptic estimates, we obtain ‖pk(ϕ)‖Ll2(X) ≤ C‖pk(ϕ)‖L2(X) ≤ C|ϕ|
k
L∞(X) ≤
C ′‖φ‖k
L2(X). 
Lemma 3.10. Let B2R ⊂ X be a small open ball, let M denote the maximal of eigenvalues
of ϕ over BR, then M ≤ Cmaxk ‖pk(ϕ)‖
1
k
L2(BR)
.
Proof. Let λ be an eigenvalue of ϕ, then λ is a solution of the spectral cover equations λr+
p1(ϕ)λ
r−1+· · ·+pr(ϕ) = 0. We denote t := max1≤k≤r ‖pk(ϕ)‖
1
k
L2(BR)
and by elliptic estimate
‖pk(ϕ)‖L∞(BR) ≤ ‖pk(ϕ)‖L2(BR). Then we obtained |λ|r ≤ C(t|λ|r−1 + · · · + |λ|tr−1 + tr),
therefore |λ|(|λ|r−1 −Ct|λ|r−2 − · · · − C|λ|tr−1) ≤ tr, which implies |λ| ≤ C ′t. 
In summary, we can compare different norms of ϕ:
Corollary 3.11. Let B2R be a open ball over X with radius 2R less than the injective
radius, let M be the maximal of eigenvalues of ϕ over BR, then
(i) M ≤ Cmaxk ‖pk(ϕ)‖
1
k
L∞(BR)
,
(ii) maxk ‖pk(ϕ)‖
1
k
L2(BR)
≤ C‖ϕ‖L2(X),
(iii) ‖ϕ‖L2(X) ≤ C(maxk ‖pk(ϕ)‖
1
k
L2(BR)
+ 1).
The following statement is obtained by Tanaka [31] for SL(2,C) Higgs bundles over
Ka¨hler surface. We strength his result and prove:
Theorem 3.12. Let (E,H,Ai, φi = ϕi + ϕ
†
i ) be a sequences of solutions to the Hitchin-
Simpson equations, we define ri := ‖φi‖L2(X) and write ϕˆi = r−1i ϕi, then
(i) Suppose ri ≤ C, then pk(ϕi) convergence in C∞ topology over X.
(ii) Suppose lim sup ri =∞, then passing to a subsequece, we have
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(a) pk(ϕˆi) convergence in C
∞ topology over X to αk where αk ∈ H0(SkΩ1,0X ),
(b) (α1, · · · , αr) 6= 0.
Proof. (i) and (a) follows directly by Proposition 3.9. For (b), by Corollary 3.11, we have
‖φi‖L2(X) ≤ C(
r∑
k=1
‖pk(ϕi)‖
1
k
L2(X)
+ 1).
Therefore,
r∑
k=1
‖pk(ϕˆi)‖
1
k
L2(X)
+ r−1i ≥ C−1.
As lim sup ri =∞, we obtain
∑r
k=1 ‖αk‖
1
k
L2(X)
≥ C−1 > 0, which implies (ii). 
4. Local Estimates For Projections Outside of the Discriminant Locus
In this section, we will introduce the estimates for solutions outside of the discriminant
locus. Our argument follows largely by the work of Mochizuki [22], who developed the
following kind of estimates over Riemann surface.
4.1. Local Decomposition for the Higgs Bundles. Given (E ,H,A, φ = ϕ + ϕ†) a
solution to the Hitchin-Simpson equations, we denote Dϕ be the discriminant locus of ϕ.
We pick up p ∈ X \ Dϕ, then for BR ⊂ X be a radius R ball centered at p, as ϕ have
different eigenvalues over BR. We denote λ1, · · · , λr ∈ Ω1,0X be r different eigenvalues of
ϕ over BR, then in suitable complex gauge, we obtain a decomposition of Higgs bundles
(E , ϕ)|BR = ⊕ri=1(E i, ϕi) with rank E i = 1 and ϕi = λiIdEi . Remark that this decomposition
does not preserve the Hermitian metric. However, by Proposition 2.3, we are free to work
on different holomorphic trivialization of E .
We denote the rescaled Higgs bundle as ϕˆ := ϕ‖φ‖
L2(X)
and write the image of ϕˆ under the
Hitchin morphism as Θϕˆ := (p1(ϕˆ), p2(ϕˆ), · · · , pr(ϕˆ)) ∈ AX = ⊕ri=1H0(SiΩ1,0X ). Note that
the discriminant locus of ϕ is the same as the discriminant locus of ϕˆ.
Proposition 4.1. For every p ∈ X \ Dϕ, we define dp := mini 6=j |λi − λj |(p), then there
exists radius R > 0 such that over BR
• |ϕ| ≤ CC0dp + C,
• |λi − λi(p)| ≤ dp100 ,
where R and C0 are constants only depends on Θϕˆ. In addition, if we denote Mp :=
maxi λi(p), then R = min{R0, dp100C‖φ‖
L2(X)
} and C0 = Mpdp , where R0 is the injective radius
of X.
Proof. Let M be the maximal of the eigenvalues of ϕ over BR, then by Propsition 3.9, we
obtain
|M −Mp| ≤ C‖φ‖L2(X)R, |λi − λi(p)| ≤ C‖φ‖L2(X)R
We take C0 =
Mp
dp
and R = min{ Mp
C‖φ‖
L2(X)
,
dp
100C‖φ‖
L2(X)
}, then M ≤ 2Mp and |λi −
λi(p)| ≤ dp100 . By Proposition 3.8, we have
max
BR
|ϕ| ≤ C(M + 1) ≤ 2C(Mp + 1) ≤ 2C(C0dp + 1).
In addition, as dp ≤ 2Mp, we have dp100C‖φ‖
L2(X)
≤ 2Mp
C‖φ‖
L2(X)
. By replacing the notation
of the constants, we obtain the statement. 
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Remark. The point of the constants Proposition 4.1 is that it will only depends on the
rescaled Higgs field ϕˆ instead of ϕ. By Theorem 3.12, for an unbounded sequences, the
spectrum cover of the rescaled Higgs bundle will convergence. Therefore, for the constants
that depend on the spectrum data of ϕˆ can be well controlled.
Corollary 4.2. Under the previous convention, over BR, we have |λi−λj| ≥ 4850dp. There-
fore R ≤ dist(p,Dϕ) and BR ⊂ X \Dϕ.
Proof. By definition of dp, we have |λi(p) − λj(p)| ≥ dp. The statement follows by the
inequality
|λi(p)− λj(p)| ≤ |λi − λi(p)|+ |λi − λj |+ |λj − λj(p)| ≤ 1
50
dp + |λi − λj |.

4.2. Estimate on the projection. Under the previous assumption, let (E ,H,A, φ = ϕ+
ϕ†) be a solution with decomposition (E , ϕ) = ⊕ri=1(E i, ϕi), where rank E i = 1 and ϕi =
λiIdEi over BR. We can define the orthogonal projection π′i : E → E i using the Hermitian
metric H. We write χi = πi − π′i, then we have
Lemma 4.3. ∂¯Eπi = 0, [ϕ, πi] = 0, π
′†
i = π
′
i, |π′i| = 1. |πi|2 = 1 + |χi|2.
Proof. ∂¯Eπi = 0, [ϕ, πi] = 0 follows by the fact that the decomposition (E , ϕ) = ⊕(E i, ϕi)
is a holomorphic decomposition. π′†i = π
′
i, |π′i| = 1 follows by the definition of π′ which
respects the Hermitian metric. As 〈π′, χi〉 = 0, we obtain |πi|2 = |π′i|2 + |χi|2. 
We have the following point-wise estimate lemma that is widely used in [20, 21].
Lemma 4.4. [22, Lemma 2.8] For any rank r vector space V with Hermitian metric h, let θ
be endormorphism of V , suppose there exists a decomposition such that (V, θ) = ⊕ri=1(Vi, θi)
with rank Vi = 1. Suppose there exists the following data:
• α1, · · · , αr be r complex numbers, d := mini 6=j |αi − αj|,
• |θ|h ≤ C0(d+ 1),
• |θi − αi| ≤ d100 ,
We write πi be the projection of E to Vi and π
′
i be the orthogonal projection of V onto Vi
and write χi := πi − π′i, then we have
i) There exists constant B depending only on r such that |πi|h ≤ B and |χi| ≤ B.
ii) There exists constant B′ depending only on r such that |[θ†, πi]|h ≥ B′d|χi|.
Proposition 4.5. Under previous notation, given (E ,H,A, φ = ϕ + ϕ†) a solution to the
Hitchin-Simpson equations and near p ∈ X \Dϕ, there exists R, B, B′ depending on r and
Θϕˆ such that over BR, we have |πi|H ≤ B, |χi|H ≤ B, |[ϕ†, π]|H ≥ B′d|χi|H .
Proof. Let BR be the ball chosen in Proposition 4.1 and we have the decomposition (E , ϕ) =
⊕ri=1(E i, ϕi = λiIdEi). As the desire estimates are pointwise estimate, we work on differ-
ent points in BR. We choose a orthogonal basis dz1, · · · , dzn of T ⋆BR and write ϕi =∑n
j=1 ϕ
i
jdzj . In addition, we can write λi = γ
i
jdzj and we write ϕ =
∑n
j=1 ϕjdzj .
We write dp,j := mini 6=i′ |γij − γi
′
j |(p) ≥ 0, which is the difference of the eigenvalue under
the frame dzj . Then by definition, we have dp =
∑n
j=1 dp,j. We denote dp,j0 = maxj{dp,j},
then dp,j0 ≤ dp ≤ ndp,j0 .
By Proposition 4.1, we obtain
|ϕj0 | ≤ C0(dp + 1) ≤ nC0(dp,j0 + 1),
|γij0 − γij0(p)| ≤ |λi − λi(p)| ≤
dp
100
≤ ndp,j0
100
.
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Applying Lemma 4.4 for ϕj0 with d = dp,j0 and αi = γ
i
j0
(p), we obtain constant B,B′ such
that |πi|H ≤ B, |χi|H ≤ B′ and |[ϕ†j0 , πi]|H ≥ B′dp,j0 |χi|H . Therefore, we compute
|[ϕ†, πi]|2 = 2
n∑
j=1
|[ϕ†j , πi]|2 ≥ |[ϕj0 , πi]|2 ≥ B′d2p,j0 |χi|2 ≥
B′
n2
d2p|χi|2.

Lemma 4.6. Let f ≥ 0 be a smooth function over BR such that f ≤ C1 and ∆f ≤ −d2f ,
then |f | ≤ C1 exp(−C2d(R2 − r2)), where C2 = min{ d4n , 14R}
Proof. We take r be the radius to the center of BR and we compute
∆eC2dr
2
= −(2nC2d+ 4C22d2r2)eC2dr
2
≥ −(2nC2d+ 4C22d2R2)eC2dr
2
.
Take C2 ≤ min{ d4n , 14R}, then we obtain ∆eC2dr
2 ≥ −d2eC2dr2 .
We define function g := C1e
C2d(r2−R2), then g|∂BR = C1 ≥ f . Then we have
∆(f − g) ≤ d2(f − g) over BR, (f − g)|∂BR ≤ 0.
By maximal principal, we obtain f ≤ g over BR.

Now, we can give an estimate on the difference of two projections πi and π
′
i. Let
(E ,H,A, φ = ϕ + ϕ†) be a solution to the Hitchin-Simpson equations with Higgs bun-
dle (E , ϕ) and discriminant locus Dϕ. Given any p ∈ X \Dϕ, we choose dp be the minimum
of the differences of eigenvalues at p. By Proposition 4.1,
|ϕ| ≤ Cdp + C, |λi − λi(p)| ≤ dp
100
holds over BR with all constants depends on Θϕˆ. We have the following proposition:
Proposition 4.7. Under the previous assumption, let r be the distance to p. Over BR, we
have |χi| ≤ Ce−C′dp(R2−r2), where C,C ′ depends on the Θϕˆ.
Proof. By Lemma 3.1, we obtain
∆|πi|2 + 2|∂Aπi|2 + 2|[ϕ†, πi]|2 = 0.
In addition, by Proposition 4.5, we have |[ϕ†, πi]| ≥ B′dp|χi| and |χi| ≤ B with B,B′
constants depends on the spectrum date Θϕˆ. In addition, by Lemma 4.3, we has |πi|2 =
|χi|2 + 1.
Therefore, we obtain
(10) ∆|χi|2 ≤ −B2d2p|χi|2, with |χi| ≤ B′.
By Lemma 4.6, we obtain |χi|2 ≤ B′2e−C′dp(R2−r2) with C ′ = min{Bd4n ,
√
B
4R }

Corollary 4.8. Under the previous assumption, we have the following estimates over the
half-size ball BR
2
,
(i) |[ϕ, π†i ]| ≤ Ce−C
′d over BR
2
.
(ii) Let si, sj be local section of E i and Ej , then |H(si, sj)| ≤ Ce−C′d|si|H |sj|H ,
where C,C ′ are constants depends on Θϕˆ.
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Proof. We compute
|[ϕ, π†i ]| = |[ϕ, π†i − πi]| = |[ϕ, π†i − π′i + π′i − πi]| ≤ |[ϕ,χ†i ]|+ |[ϕ,χi]| ≤ 2 sup |ϕ||χi|.
However, by Proposition 4.1 and 4.7, over BR
2
, we have |ϕ| ≤ C(dp+1) and |χi| ≤ Ce−C′dp
which implies the statement.
For (ii), we compute H(si, sj) = H(πisi, sj) = H(si, (π
†
i −πi)sj). In addition, as π′† = π′,
we have π†i − πi = χ†i − χi, the by Proposition 4.7, we obtain the desire estimate. 
Proposition 4.9. Under the previous assumption, over BR
2
(p), we have |[ϕ,ϕ†]| ≤ Ce−C′dp.
In particular, |ΛF⊥A | = |Λ[ϕ,ϕ†]| ≤ Ce−C
′dp, where C,C ′ are constants depends on the Θϕˆ.
Proof. We write ϕ† =
∑r
i,j=1 πi ◦ϕ† ◦πj , then |[ϕ,ϕ†]| =
∑
k,i,j[ϕk, πi ◦ϕ† ◦πj]. By corollary
4.8, for i 6= j, we obtain |πi ◦ ϕ† ◦ πj | = |[πi, ϕ†] ◦ πj | ≤ C exp(−Cd). In addition, for
i 6= k, we have [ϕk, πi ◦ ϕ† ◦ πi] = 0. As rank Ei = 1, we obtain [ϕk, πk ◦ ϕ† ◦ πk] = 0.
Therefore, we obtain the estimate for [ϕ,ϕ†]. The estimate for |ΛFA| follows directly by the
Hitchin-Simpson equations (1). 
Proposition 4.10. Over BR, we have ‖d⋆AFA‖Lp ≤ Ce−C
′dp‖∇Aφ‖Lp , with C,C ′ depends
on Θϕˆ.
Proof. We compute d⋆AFA = i∂AΛFA − i∂¯AFA. As |∂AΛFA| = |∂¯AΛFA|, we only need to
estimate ∂AΛFA. We write ϕ = ϕidzi, ϕ
† = ϕ†idz¯i and ∂¯A = ∂¯idz¯i
We compute
|∂AΛFA| = |∂AΛ[ϕ,ϕ†]| ≤ |Λ∂A[ϕ,ϕ†]|+ |∂¯⋆A[ϕ,ϕ⋆]|
≤ |Λ[∂Aϕ,ϕ†]|+
r∑
i=1
|[∂¯iϕi, ϕ†i ]|+
r∑
i=1
|[ϕi, ∂¯iϕ†i ]|.
We write ϕ† =
∑r
i,j=1 πi ◦ ϕ† ◦ πj. For i 6= j, by Corollary 4.8, we have
|πi ◦ ϕ† ◦ πj | = |[πi, ϕ†] ◦ πj| ≤ Ce−C′dp
and [πi◦∂Aϕ, πj ◦ϕ†◦πj ] = 0. In addition, as rank Ei = 1, we have [πi◦∂Aϕ, πi◦ϕ†◦πi] = 0.
Therefore, we obtain
|[∂Aϕ,ϕ†]| = |[πi∂Aϕ, πi ◦ ϕ† ◦ πj ]| ≤ Ce−Ddp |∂ϕ|.
Similarly, we have the estimates |[∂¯iϕi, ϕ†i ]| ≤ Ce−Ddp |∂¯iϕi|. Therefore, ‖d⋆AFA‖Lp ≤
Ce−Ddp‖∇Aφ‖Lp . 
4.3. The Estimate for Sequences of Solutions. Let (E,H,Ai, φi) be a sequence of so-
lutions, let ri := ‖φi‖L2(X) and φˆi := r−1i φi = ϕˆi+ ϕˆ†i . We denote Θi = (p1(ϕˆi), · · · , pr(ϕˆi))
with discriminant locus Di then by Theorem 3.12, there exists Θ∞ such that Θi conver-
gence to Θ∞ and Di will converge to D∞ with D∞ the discriminant locus of Θ∞. For each
p ∈ X \D∞, for i large enough, we have p /∈ Di. We write λi1, · · · , λir be r different eigenval-
ues of ϕi and define dp,i := mink 6=l |λik(p) − λil(p)| be the minimal difference of eigenvalues
at p. We write Mp,i = max1≤k≤r |λik|(p) and Rp,i := min{R0, dp,i100C‖φi‖L2(X) } which is the
radius we found in Proposition 4.1, then the following holds
Proposition 4.11. For each p ∈ X \D, there exists i0, Rp, dp such that for any i ≥ i0, we
have Rp,i ≥ Rp and r−1i dp,i ≥ dp,∞.
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Proof. Let dp,∞ be the minimal difference of eigenvalues of Θ∞ at p, then as Θi convergence
to Θ∞, we have limi→∞ r−1i dp,i = dp,∞. As Rp,i := min{R0, dp,i100C‖φi‖L2(X)}, then the claim
of Rp,i follows immediately. 
Theorem 4.12. For the sequences (E,H,Ai, φi = ϕi + ϕ
†
i ), let p ∈ X \ D∞, there exists
i0, dp,∞ and Rp,∞ only depends on Θ∞ such that over BRp,∞, for i ≥ i0, we have
|iΛFAi | ≤ Ce−C
′ridp,∞ , |[ϕˆi, ϕˆ†i ]| ≤ Ce−C
′ridp,∞ ,
‖d⋆AiFAi‖Lp ≤ Crie−C
′ridp,∞‖∇Ai φˆi‖Lp ,
Proof. This is a combination of Proposition 4.9, 4.10 and 4.11. 
5. Compactness for Bounded sequences
In this section, we will prove a compactness theorem for sequences of solutions to the
Hitchin-Simpson equations with bounded L2 norms on the Higgs fields.
5.1. Uhlenbeck Compactness. To begin with, we give a statement of the Uhlenbeck
compactness theorem. We define a unitary connection A has finite energy if
´
X
|FA|2 <∞
and we define A is integrable if F
(2,0)
A = 0. Then we have
Theorem 5.1. [35, 36] Let E → X be a complex vector bundle with Hermitian metric H,
for any p > n, there exists R0 > 0 and ǫ0 > 0 such that for integrable connection A on E
Suppose over a radius 2R ball B2R ⊂ X, we have
(i) ‖ΛFA‖L∞(B2R) < ǫ0,
(ii) R4−2n
´
B2R
|FA|2 < ǫ0,
(iii) R ≤ min(ǫ0, R0),
then there exists local trivialization in B2R, E|B2R = B2R × Cr and write dA = d + A, we
have
R
2− 2n
p ‖∇A‖Lp(BR) +R1−
2n
p ‖A‖Lp(BR) ≤ CR2−n‖FA‖L2(B2R) +R
2n
p ‖ΛFA‖L∞(B2R).
Let R0 be the injective radius of X, for every connection A, we can define the Uhlenbeck
radius rA :M → [0, R0) by
(11) rA(x) := sup{r ∈ [0, R0) : r4−2n
ˆ
Br(x)
|FA|2 ≤ ǫ0}.
Together with the Uhlenbeck patching argument [9], we obtain
Theorem 5.2. [35, 36] Let U be a Ka¨hler manifold(not necessarily compact) and E →
U be a Hermitian vector bundle with metric H, for any p > n, let Aj be a sequence of
integrable unitary connection on E → U such that ‖FAj‖L2(U) and ‖ΛFAj‖L∞(U) are bounded
uniformly, then after passing to a subsequence, there exist
i) a closed subset ZUh ⊂ U with Hausdorff codimension at least 4,
ii) a smooth Hermitian vector bundle (E∞,H∞) defined on U \ZUh which can be iden-
tified with (E,H) over U \ ZUh,
iii) for any compact subset W ⊂ U \ ZUh, there exist Lp2 isometry gi : (E∞,H∞)|W →
(E,H)|W such that gi(Ai) convergence weakly to A∞ in Lp1 topology where A∞ has´
U
|FA∞ |2 <∞.
iv) ZUh can be described as
ZUh = ∩0<r<δ{x ∈ U : lim inf
i→∞
R4−2n
ˆ
BR(x)
|FAi |2dV ≥ ǫ0} = {x| lim sup
i→∞
rAi(x) = 0},
where ǫ0, δ depends only on the geometry of U and the bounds of ‖FAi‖L2(U), ‖ΛFAi‖L∞(U)
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In for the limiting A∞, we have the following theorem, which is a combination of state-
ments in [2, 7], see also [24].
Proposition 5.3. Under the previous assumption, suppose ‖dAjΛFAj‖L2 → 0, then (A∞, φ∞)
is a Hermitian-Yang-Mills connection. In addition, ΛFAj → ΛFA∞ in Lploc(U − ZUh). In
addition, over U − ZUh, we have a holomorphic, orthogonal, splitting
(E∞,H∞,∇A∞) = ⊕li=1(E∞,i, h∞,i,∇A∞,i).
5.2. Compactness theorem for Bounded Sequences. Now, we will state our conver-
gence theorem for solutions which have bounded L2 norms of Higgs fields.The following
result is well-known, it will follows by applying the Uhlenbeck and standard elliptic theory.
Theorem 5.4. Let (E,H) be a Hermitian vector bundle over X, suppose (Ai, φi = ϕi+ϕ
†
i )
be a sequence of solutions to the Hitchin-Simpson equations (1). Suppose that ‖φi‖L2(X) ≤
C, then there exists a codimension 4 compact singular set ZUh with finite Hausdorff measure,
a smooth vector bundle (E∞, φ∞) and a pair (A∞, φ∞) such that the following holds:
• after passing to subsequence, over every compact subset W ⊂ X \ ZUh, there ex-
ists unitary gauge transforms gi : (E,H)|W → (E∞,H∞)|W such that gi(Aj , φj)
convergence smoothly to (A∞, φ∞).
• (E∞,H∞, A∞, φ∞) satisfies the Hitchin-Simpson equations over X \ ZUh.
• [2] There exists a codimension 6 subset Z ′ ⊂ ZUh such that (E∞,H∞, A∞, φ∞) has
an extension to X \ Z ′.
Proof. By Proposition 3.8, we obtain that |ϕi|h ≤ C. As Ai, φi satisfies the Hitchin-Simpson
equation iΛ(FAi +[ϕi, ϕ
†
i ]) = 0, we obtain |ΛFAi |C0 ≤ C. Applying Uhlenbeck compactness
theorem 5.2, we obtain a closed set ZUh such that g
⋆
iAi ⇀ A∞ in L
p
1,loc overX\ZUh. For sim-
plification, we omit the unitary gauge gi and still write (Ai, φi) to represent (gi(Ai), gi(φi)).
We write ai := ∂¯Ai − ∂¯A∞ , then ∂¯A∞(ϕi) = ∂¯Aiϕi + [ai, ϕi]. As ai ⇀ 0 in Lp1,loc, thus
strongly in Lploc. In addition, as ϕi ∈ C0, we obtain ϕi ∈ Lp1,loc. As H∞ is a fixed smooth
metric, then ϕ†i ∈ Lp1,loc. Thus, there exists ϕ∞, ϕ†∞ such that φi = ϕi + ϕ†i convergence to
φ∞ := ϕ∞ + ϕ
†
∞. By standard boot-strapping argument for elliptic equations, we obtain
the smooth convergence.
In addition, as (E,H,Ai, φi) is satisfies (1) and the convergence is L
p
1,loc, we obtain that
(E∞,H∞, A∞, φ∞) also satisfies the Hitchin-Simpson equations over X \ ZUh.
By the work of Bando-Siu [2], there exists codimension 6 set Z ′ ⊂ ZUh such that
(E∞,H∞, A∞) can be extend over some X \ Z ′ as a holomorphic vector bundle. As
|φ∞|L∞(X\Z) ≤ C and ∂¯A∞ϕ∞ = 0, therefore, ϕ∞ and φ∞ can also be extended to X \ Z ′
by Hartogs theorem. 
Corollary 5.5. [26] If deg(E) = ch2(E).[ω]
n−2 = 0, then ZUh = ∅.
In addition, letM0Higgs := {(E , ϕ) ∈ MHiggs|deg(E) = ch2.[ω]n−2 = 0}, then the restricted
Hitchin-morphism κ0 := κ|M0Higgs → BX is proper.
Proof. As deg(E) = ch2(E) = 0, by Corollary 2.6, we obtain FAi + [ϕi, ϕ
†
i ] = 0. As
|[ϕi, ϕ†i ]|C0 ≤ C, we obtain |FAi |C0 ≤ C. In addition, by Theorem 5.2 and the a priori
bound of |FAi |C0 , we have limR→0R4−2n
´
BR(x)
|FAi |2 = 0, which implies ZUh = ∅.
Let V be a compact subset of BX , by Proposition 3.8, for any κ0(E , ϕ) ∈ V , ‖φ‖L2(X) ≤
CV , where CV is a constant only depends on V . The properness statement follows directly
from the theorem. 
In addition, by the third bullet of Theorem 5.4, we obtain
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Corollary 5.6. When dimX = 4, then κ :MHiggs → BX has a closed image.
6. Compactness for Unbounded Sequences
In this section, we will study the behavior of the solutions to the Hitchin-Simpson equa-
tions with unbounded L2 norms on the Higgs fields.
6.1. The Adiabatic Hitchin-Simpson equations. Let (E,H) be a Hermitian vector
bundle and let (Ai, φi = ϕi + ϕ
†
i ) be a sequences of solutions to the Hitchin-Simpson equa-
tions with ri := ‖φi‖L2(X) and lim ri =∞. We write φˆi = r−1i φi = ϕˆi + ϕˆ†i , then
Lemma 6.1. (i) limi→∞
´
X
|φˆi ∧ φˆi|2 = 0, limi→∞
´
X
|dAi φˆi|2 = 0,
(ii) For each B ⊂ X, we have ´
B
|FAi |2 ≤
´
B
|[ϕi, ϕ†i ]|2 + C.
Proof. Integrating (8), we obtain r2i
´
X
|φˆi ∧ φˆi|2 ≤ C. In addition, by Proposition 2.5, we
obtain
´
X
|FAi + [ϕi, ϕ†i ]|2 + |dAiφi|2 ≤ C and the statement follows immediately. 
We define the following adiabatic Hitchin-Simpson equations, which over Riemann surface
is studied in [19, 18, 11].
Over the Hermitian vector bundle (E,H), we say (A,ϕ+ϕ†) satisfy the adiabatic Hitchin-
Simpson equations if
F
(0,2)
A = 0, ϕ ∧ ϕ = 0, ∂¯Aϕ = 0, ∂Aϕ = 0
iΛFA = 0, [ϕ,ϕ
†] = 0, ‖ϕ‖L2(X) = 1.
(12)
6.2. Convergence of Rescaled Solutions. In this subsection, we will state our main
theorem.
Theorem 6.2. Let (E,H) be a Hermitian vector bundle over X and let (Ai, φi = ϕi + ϕ
†
i )
be a sequence of solutions to (1), we take ri := ‖φi‖L2(X) and write φˆi = r−1i φi = ϕˆi + ϕˆ†i .
Let AX be the Hitchin base and κ :MHiggs → AX be the Hitchin morphism, then
• κ(ϕˆi) = (p1(ϕˆi), · · · , pr(ϕˆi)) convergence smoothly to κ∞ := (p1,∞, · · · , pr,∞) ∈ BX .
• Suppose the discriminant locus ZT of the spectrum cover defined by κ∞ satisfies
ZT ( X, then there exists a Hausdorff codimension 4 set ZUh ⊂ X \ ZT and a
Hermitian bundle (E∞,H∞) over X \ (ZUh ∪ ZT) such that
i) there exists (A∞, φ∞) over (E∞,H∞) such that after passing to a subsequence
and up to unitary gauge transforms, (Ai, φi) convergence to (A∞, φ∞) weakly
in the Lp1,loc topology for any p.
ii) (A∞, φ∞) satisfies the adiabatic Hitchin-Simpson equations (12).
Proof. Step 1. Convergence of the spectrum cover.
To begin with, we will prove the first bullet. Recall that for given a Higgs bundle (Ei, ϕi),
we have the Hitchin morphism κ(ϕˆi) = (p1(ϕˆi), · · · , pr(ϕˆi)) ∈ ⊕rk=1H0(SkΩ1,0X ), where
pi are invariant polynomials. By Theorem 3.12 and Corollary 2.10, we see passing to a
subsequence, κ(ϕˆi) convergences smoothly to κ∞ = (p1,∞, · · · , pr,∞) and κ∞ ∈ BX . We
denote the spectrum cover corresponding to κ∞ as
S∞ := {λ ∈ Ω1,0X |λr + p1,∞λr−1 + · · · + pr,∞ = 0}.
Moreover, we denote ZT be the discriminant locus of S∞.
Step 2. Convergence of the curvature.
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By Theorem 4.12, for p ∈ X \ Z2, there exists i0, R∞, dp,∞ such that for i ≥ i0, over
BR∞(p), we have
|iΛFAi | ≤ Ce−C
′ridp,∞ , |[ϕˆi, ϕˆ†i ]| ≤ Ce−C
′ridp,∞ ,
‖d⋆AiFAi‖Lp ≤ Ce−C
′ridp,∞‖∇Aiφˆi‖Lp ,
In addition, over BR∞(p), by Lemma 6.1, we have
´
BR
|FAi |2 ≤ C. We define the Uhlen-
beck singularity set as ZUh = ∩0<r<δ{x ∈ X \ ZT : lim inf i→∞ r4−2n
´
Br(x)
|FAi |2dV ≥ ǫ0} ,
then by Theorem 5.2, over X \ (ZUh ∪ ZT), there exists A∞ such that up to unitary gauge
and subsequence Ai convergence to A∞ weakly in L
p
1,loc.
Step 3. Convergence of the Higgs fields
By Proposition 3.4, for the rescaled Higgs field ϕˆi, we have ‖ϕˆi‖L∞(X) ≤ C. We write
ai = Ai − A∞, as ∂¯Aiϕˆi = 0, we obtain ∂¯A∞ϕˆi = aiϕˆi. Moreover, ai weakly convergence in
Lp1,loc thus strongly convergence in L
p, we have ‖ϕˆi‖Lp1,loc ≤ C. As ai ∈ L
p
1,loc, ϕˆi ∈ Lp1,loc,
by Sobolev multiplication, for p > 2n, we have aiϕˆi ∈ Lp1,loc, thus ϕˆi ∈ Lp2,loc. Therefore,
there exists ϕˆ∞ such that ϕˆi convergence ϕ∞ weakly in L
p
2,loc. We define φ∞ = ϕ∞ + ϕ
†∞.
Step 4. The limiting (A∞, φ∞) satisfies the adiabatic Hitchin-Simpson equations.
By Theorem 4.12 and Proposition 5.3, we obtained ΛFA∞ = 0. By Lemma 6.1, we obtain
φ∞ ∧ φ∞ = 0 and dA∞φ∞ = 0, which is equivalent to (12). 
When rank E = 2, we can remove the assumption that ZT ( X in Theorem 6.2
Proposition 6.3. Under the assumptions of Theorem 6.2, suppose rank E = 2, then ZT
can be chosen to be codimensional at least 2.
Proof. Let (Ai, φi = ϕi + ϕ
†
i ) be a sequence of solutions with ri = ‖φi‖L2(X) unbounded.
We have p1(ϕˆi) = Tr(ϕˆi)→ p1,∞ and p2(ϕˆi) = det(ϕˆi)→ p2,∞.
Suppose p1,∞ = 0, then by Proposition 2.11, we obtain ZT is codimensional at least 2.
Suppose p1,∞ 6= 0, then we define βi = ϕi− Tr(ϕi)2 IdE consider the new sequence (Ai, βi+β†i ,
then the corresponding p1,∞ = 0. Suppose p2,∞ 6= 0, then we set ZT := p−12,∞(0). Then
convergence of r−1i ϕi follows by the convergence of βi and the convergence of Tr(ϕi).
When p2,∞ = 0, in this case we have uniform bound of ‖βi‖L∞(X) ≤ C. Therefore, we can
set ZT = ∅ and apply Theorem 5.4. In addition, as lim ri →∞, we obtain limi→∞ r−1i ‖βi‖ =
0, therefore, the limiting Higgs field in this case would be ϕ∞ = Tr(ϕ∞) Id2 . 
Remark. When dim(X) = 4 over closed Ka¨hler manifold, it is shown in [31] that the
Hitchin-Simpson equations are the same as the Kapustin-Witten equations. Our theorem
for SL(2,C) Higgs bundle will be covered by the compactness theorem of Taubes [32] for the
Kapustin-Witten equations. In addition, [31] shows for SL(2,C) Higgs bundle, the set ZT
we defined in Theorem 1.1 are almost the same as the singular set that Taubes found in
[32], which explains why we label ”T” for the singular set ZT.
Follows the philosophy of [32], let (A,Φ) be a solution to the Hitchin-Simpson equations
and R0 be the injective radius of X, besides the Uhlenbeck radius rA(x), one can define a
more natural radius µA :M → [0, R0)
(13) µA,Φ(x) = sup{r ∈ [0,∞), r4−2n
ˆ
Br(x)
|FA + [ϕ,ϕ†]|2 ≤ ǫ0},
where ǫ0 is the Uhlenbeck constant that appears in Theorem 5.1.
Let (Ai, φi) be a sequences of solution to the Hithin-Simpson equations, under the as-
sumption of Theorem 6.2, let ZT be the Taubes singularity and we can define following two
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singularity set
ZUh : = {x ∈ X \ ZT| lim sup
i
rAi(x) = 0},
ZµUh : = {x ∈ X| lim sup
i
µ(Ai,Φi)(x) = 0},
then we have the following relationship
Proposition 6.4. ZµUh ∩ (X \ZT ) = ZUh. In particular, when dimX = 4, ZUh and Zµ are
finite numbers of points.
Proof. The relationship follows directly from Proposition 4.1. The finiteness statement in
dimX = 4 follows directly by
´
X
|FA + [ϕ,ϕ†]|2 ≤ C. 
7. SL(2,C) connection and Z2 harmonic 1-form over Ka¨hler manifold
In this section, we will study the SL(2,C) version of the Hitchin-Simpson equations and
studied the relationship with previous work of Taubes [33, 32]. Recall that a SL(2,C) Higgs
bundle (E , ϕ) is a Higgs bundle will rank E = 2, det(E) = OX and Tr(ϕ) = 0. Suppose
(E , ϕ) is stable and denote (A,φ) be the corresponding solutions to the Hitchin-Simpson
equations, then the complex connection D = dA + φ will be a SL(2,C) connection.
7.1. Z2 harmonic 1-forms. The theory of Z2 harmonic 1-form have been developed by
Taubes [33] and studied from different aspects [29, 40]. Now, we will discuss the relationship
between the Z2 harmonic 1-forms and the limit of the SL(2,C) solutions to the Hitchin-
Simpson equations.
Definition 7.1. A Z2 harmonic 1-form over X is a triple (Z,I, v) where
(i) Z is a codimension at least 2 closed subset of X,
(ii) I is a real line bundle over X \ Z with a flat connection d∇,
(iii) v ∈ Γ(ΩX ⊗ I) such that dv = d ⋆ v = 0,
(iv) |v| has a Ho¨lder continuous extension over X with Z = |v|−1(0) and ´
X\Z |∇v|2 is
integrable, where ∇ is the interwise connection on I with the Levi-Civita connection
on Ω1X .
Now we will explain how do we obtain a Z2 harmonic 1-form from (12). Let E be a
rank 2 Hermitian vector bundle with Hermitian metric H, we define End(E,H) := {s ∈
End(E)|s† = s}. Let (A,φ = ϕ+ ϕ†) be a solution to (12) with Tr(φ) = 0, then we have
Lemma 7.2. We define I := {s ∈ End(E)|[φ, s] = 0, s = s†}, then there exists harmonic
form v ∈ Ω1X⊗I and A convariantly constant homomorphism σ : I → End(E,H) such that
φ = v ⊗ σ.
Proof. As (A,φ) satisfies (12), we obtain φ ∧ φ = 0. Take any p ∈ X \ Z, we consider
a small ball Bp ⊂ X \ Z with center at p. Let dx1, · · · , dx2n be any basis of T ⋆X and
we write φ =
∑2n
i=1 φidxi. The condition φ ∧ φ = 0 is equivalent to [φi, φj ] = 0 for any
i, j. As |φ| 6= 0 over Bp, WLOG, we denote σ := φ1 6= 0 and then φi = λiσ for any i
with λi a function. Therefore, we write φ = σ ⊗ v with v is a 1-form can be written as
v =
∑n
i=1 λidxi. In addition, we can choose the size of v and σ to make |σ| = 1. However,
there is an anomaly of choice of sign in this definition, φ = ±σ ⊗ ±v and the choice of
sign defines a map X \ Z → {±1}, which defines a R line bundle I. We have a well-
defined v ∈ Ω1 ⊗ I and σ : I → End(E,H). In addition, as [φ,±σ] = 0, we obtain
I = {s ∈ End(E)|[φ, s] = 0, s† = s}.
We write ϕ = σ⊗v with |σ| = 1, then from (12), we obtain 0 = ∂¯Aσ⊗v(1,0)+σ⊗∂¯v(1,0) = 0
and 0 = ∂Aσ ⊗ v(1,0) + σ ⊗ ∂v(1,0). Taking inner product with σ of the previous two
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equations, we obtain 〈σ, dAσ〉v + 〈σ, σ〉(∂ + ∂¯)v(1,0) = 0. In addition, as |σ| = 1, we obtain
〈σ, dAσ〉 = 0. Therefore, (∂ + ∂¯)v(1,0) = 0, which implies dv = d ⋆ v = 0. In addition, as
∂¯Aσ ⊗ v(1,0) = ∂Aσ ⊗ v(1,0) = 0 and v(1,0) 6= 0, taking inner product with v(1,0), we obtain
∂Aσ = ∂¯Aσ = 0. 
Theorem 7.3. Let E be a rank 2 Hermitian vector bundle over X with Hermitian metric H
and det(E) ∼= OX . Let (Ai, φi = ϕi+ϕ†i ) be a sequence of solutions to the Hitchin-Simpson
equations with Tr(φi) = 0 and ri := ‖φi‖L2(X) unbounded, then passing to a subsequence,
we have:
(i) There exists s∞ ∈ BX such that det(r−1i ϕi) convergence to s∞ in the C∞(X) topol-
ogy, where BX := {s ∈ H0(S2Ω1,0X )|rank s ≤ 1}.
(ii) There exists the followings:
(a) ZUh is a Hausdorff codimension 4 set and ZT a codimension 2 complex analytic
subset,
(b) (ZT,I, v), a Z2 harmonic 1-form with (v ⊗ v)2,0 = s∞ and |v|2 = 2|s∞|,
(c) A Hermitian vector bundle (E∞,H∞) and a Hermitian-Yang-Mills connection
A∞,
(d) σ∞ : I → End(E∞,H∞), which is a A∞ convariantly constant homomorphism,
(e) A sequence of isomorphisms gi : Aut(E∞,H∞)→ Aut(E,H) such that
the sequence g⋆iAi convergence in the L
p
1,loc topology to A∞ over X \ (ZT ∪ ZUh).
(iii) The sequence r−1i g
⋆
i φi convergence in the L
p
1,loc topology on X \ZT ∪ZUh to v⊗σ∆.
In addition, r−1i |φi| convergence in the L21 over X.
Proof. All the statements follows directly from Theorem 6.2, Lemma 7.2. We still need to
check the (ZT,I, v) we obtained satisfies the fourth condition in Definition 7.1. As |v|2 = s∞
with µ a holomorphis section, we obtain |v| is Ho¨lder continuous.
After integrating (8) over X, we obtain
´
X
|∇Aiφˆi|2 ≤ C. In addition, we have the
pointwise convergence limi→∞∇Aiφˆi = ∇v over X \ (ZUh ∪ ZT), therefore we obtain´
X\Z |∇v|2 ≤ C.
In addition, even the convergence is taken over X \(ZUh∪ZT), as ZUh is a codimensional
4 set, where we can extend I over ZUh ⊂ X \ ZT. In addition, v also extends smoothly
across ZUh as v will be a weak solution to an elliptic equations near ZUh. 
7.2. Realization Problem of the Z2 harmonic 1-form. Now, we will discuss about the
realization problem of the Z2 harmonic 1-forms.
Definition 7.4. Let (Z,I, v) be a Z2 harmonic 1-form over X, we say (Z,I, v) can be
realized if there exits a sequences of solutions (Ai, φi) to the Hitchin-Simpson equations
such that the rescaled sequences will convergence to (Z,I, v) in the sense of Theorem 7.3.
We would like to ask the following question:
Question 7.5. Which Z2 harmonic 1-form over X can be realized by solutions to the
Hitchin-Simpson equations?
We will try to understand this question over Ka¨hler manifold. A necessary condition for
the existence of Z2 harmonic 1-form would be:
Lemma 7.6. Let (Z,I, v) be a Z2 harmonic 1-form over a Ka¨hler manifold, then
(v ⊗ v)2,0 ∈ BX = {s|s ∈ H0(S2Ω1,0X ), rank s ≤ 1}.
Proof. This is a straight forward computation using the Ka¨hler identities. 
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Recall that for SL(2,C) Higgs bundle, the Hitchin morphism κ : MHiggs → BX can be
written as κ((E , ϕ)) = det(ϕ) ∈ BX , we have the following proposition.
Proposition 7.7. (i) Suppose (Z,I, v) can be realized by a sequence of solutions to the
Hitchin-Simpson equations, then (v ⊗ v)(2,0) ∈ Im κ, where Im κ means the closure
of Im κ in BX .
(ii) For every s ∈ Im κ, then there exists a sequence (Ai, φi) such that (Ai, φi) conver-
gence to a Z2 harmonic 1-form (Z,I, v) with (v ⊗ v)(2,0) = s.
Proof. The statement in (i) follows directly from Theorem 7.3. For (ii), suppose s ∈ Im κ,
then there exists a polystable Higgs bundle (E , ϕ) with κ(ϕ) = s. For every t ∈ R, (E , tϕ)
is also polystable Higgs bundle with det(tϕ) = t2s. We have the corresponding solutions
(At, φt) and we denote rt = ‖φt‖L2(X). By Theorem 7.3, we obtain a Z2 harmonic 1-form
(Z,I, v) such that (At, r−1t φt) convergence to (Z,I, v). 
Remark. When dimX = 4, by Corollary 5.6, we have Im κ = Im κ.
We have an uncertainty of choosing the real line bundle I.
Lemma 7.8. Let (Z,I1, v1) and (Z,I2, v2) be two Z2 harmonic 1-form with (v1⊗ v1)(2,0) =
(v2 ⊗ v2)(2,0), then I1 = I2 ⊗ I0 with I0 a real line bundle defined over X.
Proof. Let p ∈ Z with Bp a small neighborhood of p, we consider the trivial bundle Bp×C⋆.
We denote s = (v1 ⊗ v1)(2,0) = (v2 ⊗ v2)(2,0), then over Bp × C⋆, ±
√
s defines a line bundle
Ip over (Bp \ Z)× C⋆, where for every q ∈ (Bp \ Z), we define the fiber of Ip as R
√
s. In
addition, as ±v(1,0)1 = ±
√
s = ±v(1,0)2 , we obtain Ip ∼= I1 ∼= I2 over Bp \ Z. In other word,
I1 ⊗ I−12 is trivial along Z. We define I0 = I1 ⊗ I−12 , then I0 is a real bundle defined over
X.

Proposition 7.9. Let (Z,I1, v1) and (Z,I2, v2) be two Z2 harmonic 1-form with s = (v1⊗
v1)
(2,0) = (v2 ⊗ v2)(2,0), suppose (Z,I1, v1) can be realized by a sequences of solutions to the
Hitchin-Simpson equations, then (Z,I2, v2) also can be realized by a sequences of solutions
to the Hitchin-Simpson equations.
Proof. By Lemma 7.8, we write I2 = I1 ⊗ I0 with I0 is a real line bundle defined over
X. We define the complex line bundle IC0 := I0 ⊗ C, then we have (IC0 )⊗2 = OX with
deg(IC0 ) = 0. In addition, we can consider (IC0 , 0) be a rank 1 Higgs bundle with vanishing
Higgs field which is automatically stable with unique Chern connection (A0, 0).
Over (E,H), let (Ai, φi) be a sequences of solutions to (1) such that (Ai, r
−1
i φi) con-
vergence to (A∞, φ∞) with associated Z2 harmonic 1-form (Z,I1, v1), then we tensor this
sequences by (A0, 0) and obtain a new sequences (A˜i, r
−1
i φ˜i) = (Ai⊗A0, r−1i φ˜i⊗IdI0) which
will convergence to (A˜∞ = A∞ ⊗ A0, φ˜∞ = φ∞ ⊗ IdI0) with associate Z2 harmonic 1-form
(Z,I ′, v′).
By definition det(φ˜∞) = (v′⊗ v′)(2,0) = det(φ∞). In addition, the corresponding real line
bundle of φ˜∞ with be defined by {s ∈ (E ⊗ IC0 )|s† = s, [φ˜∞, s] = 0}, which by definition,
I ′ = I1 ⊗ I0 which is I2. 
Corollary 7.10. Let (Z,I, v) be a Z2 harmonic 1-form with (v ⊗ v)(2,0) ∈ Im κ, then
(Z,I, v) can be realized by a sequence of solutions to the Hitchin-Simpson equations.
7.3. Examples Over Complex Surfaces. Let X be a complex surface, in this section,
we will try to compute the space BX = {s|s ∈ H0(S2Ω1,0X ), rank s ≤ 1} for some specific
Ka¨hler surface. By Theorem 7.7, it will contain all the information of Z2 harmonic 1-forms.
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Example 7.11. When X is a rational surface, K3 surface, Enriques surface, hypersurface
in CP3, by [23], it is shown that H0(S2X) = 0, therefore BX = 0. There will be no Z2
harmonic 1-form in these examples.
In these examples, let (E , ϕ) be a SL(2,C) Higgs bundle, then as H0(S2X) = 0, we obtain
det(ϕ) = 0. By Proposition 3.8, we have a uniform bound for ‖ϕ‖L2(X) ≤ C. Therefore, by
Theorem 5.4, we obtain a compactness up to Uhlenbeck bubbles.
It is unknown that whether in these examples, there exists a polystable Higgs bundle with
non-vanishing Higgs field. When X = K3, it is shown in [3, 15] that all polystable Higgs
bundle will have vanishing Higgs field.
Example 7.12. When X = Σ1×Σ2 with Σ1,Σ2 are Riemann surface with genus g1, g2 ≥ 1.
Let πi : X → Σi be the projection and we write Ki := π⋆iKΣi . Then we obtain
Ω1,0X = K1 ⊕K2 H0(X,S2Ω1,0X ) = ⊕2i,j=1H0(X,Ki ⊗Kj).
Given s ∈ BX , we write s = (sij) ∈ ⊕2i,j=1H0(X,Ki⊗Kj). The condition that rank s ≤ 1
is equivalent to s11s22 = s
2
12. The discriminant locus of s are s
−1(0) = s−111 (0) ∩ s−122 (0).
If s11 = 0 but s22 6= 0, then s12 = 0 and Z = s−1(0) = s−122 (0) = Σ1×{q1, q2, · · · , q4g2−46},
which is codimensional 2. The corresponding Z2 harmonic 1-form will be the pull back from
a Z2 harmonic 1-form from the Riemann surface. Similar things happen when s22 6= 0 and
s11 = 0.
If s11 and s22 not identically zero, as H
0(X,K⊗2i ) = π
⋆
iH
0(Σi,K
⊗
Σi
), we have s−111 (0) =
{p1, p2, · · · , p4g1−4} ×Σ2 and s−122 (0) = Σ1 ×{q1, q2, · · · , q4g2−4}. In addition, the condition
s212 = s11s22 will require that the multiplicity of s
−1
11 (0) and s
−1
22 (0) has to be even. In this
case, the singular set Z for the corresponding Z2 harmonic 1-form is Z = 2{p1, · · · , p2g1−2}×
2{q1, · · · , q2g2−2}, which is codimensional 4 and the corresponding line bundle over X \ Z
will extends globally to X.
Example 7.13. Let X be a ruled surface, or a non-isotrivial elliptic surface with reduced
fibers with fibration π : X → Σ and let g be the genus of Σ. By [5], the pull back map
π⋆ : H0(Σ, (KΣ)
⊗2)→ H0(Σ, S2Ω1,0X )
is an isomorphism, which implies BX = π⋆H0(Σ, S2Ω1,0X ). Therefore, for any s ∈ BX , we
can write s = π⋆q with q ∈ H0(K⊗2Σ ), then Z = s−1(0) = ∪4g−4i=1 π−1(pi), where p1, · · · , p4g−4
are the zeroes of q. The corresponding Z2 harmonic 1-form will be pull back from the
Riemann surface.
Proposition 7.14. Let X be a Ka¨hler manifold and denote π : X → Σ be a fibration
over a curve Σ with genus g > 1, then for any {p1, · · · , p4g−4} ⊂ Σ, then there exists a
Z2 harmonic 1-form (Z, v,I) with Z = ∪4g−4i=1 π−1(pi) and can be realized by sequences of
solutions to the Hitchin-Simpson equations.
Proof. Let q ∈ H0(K⊗2Σ ) such that q−1(0) = {p1, · · · , p4g−4}, as Hitchin morphism is sur-
jective over Riemann surface [14], there exists an SL(2,C) stable Higgs bundle (E , ϕ) such
that det(ϕ) = q. As π⋆(E , ϕ) is polynstable and det(π⋆ϕ) = π⋆ det(ϕ) = π⋆q, we ob-
tain π⋆q ∈ Im κ, where κ is the Hitchin morphism. The statement follows by applying
Proposition 7.7. 
Appendix A. Vafa-Witten Type Equations over Ka¨hler Manifold
In this Appendix, we will discuss a compactness result for a Vafa-Witten type equations
(14) over closed Ka¨hler manifold X and give a sketch of compactness argument to these
equations for finite energy solutions. When dim(X) = 4, these equations are the equations
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that studied in [37] and have been studied in [17]. These equations is also studied in [30]
when dim(X) = 6.
A.1. Vafa-Witten Pairs and Hitchin Morphism. Let X be a closed Ka¨hler manifold
with Ka¨hler metric g, Ka¨hler class ω and canonical bundle KX , E be a rank r complex
vector bundle over X. For simplification, we always assume that det(E) is trivial.
A Vafa-Witten pair consists of (E , β) where E = (E, ∂¯E) is a holomorphic structure of E,
∂¯2E = 0 and β ∈ H0(KX ⊗ End(E)).
Definition A.1. A Vafa-Witten pair (E , β) is stable if for every β invariant subbundle
F ⊂ E, we have degFrankF < deg Erank E and (E , β) is polystable if (E , β) is a direct sum of stable
pairs.
Let GC be the complex gauge group of E, for g ∈ GC, the complex gauge group action
is given by g(∂¯E , β) = (g
−1 ◦ ∂¯E ◦ g, g−1 ◦ β ◦ g) with we define the moduli space MPS :=
{(∂¯E , β) polystable pairs}/GC.
Let p1, · · · , pr be r invariant polynomial of End(E) with deg pi = i, then pi(ϕ) ∈ H0(KiX).
We define the Hitchin base AX := ⊕ri=1H0(KiX), then we can define the Hitchin morphism
κ : MPS → AX given by κ(E , β) = (p1(β), · · · , pr(β)). As we don’t have extra conditions
on β, κ have a chance to be surjective.
For Θ := (p1, · · · , pr) ∈ AX , we can define the spectrum cover
SΘ := {λ ∈ Ω1,0X |λr + p1λr−1 + · · ·+ pr = 0}.
Note that as KX is a holomorphic line bundle, we don’t have any difficulties in solving
SΘ. Let λ1, · · · , λr be r different solutions of SΘ, then we can define the discriminant section
∆Θ : X → Kr2−rX with ∆Θ(p) :=
∑
1≤i<j≤r(λi − λj)2, where p ∈ X. As ∆Θ(p) is invariant
under the symmetric group action on λ1, · · · , λr, we have ∆Θ ∈ H0(Kr2−rX ). We can define
the discriminant locus DΘ = ∆
−1
θ (0).
Suppose that Θ = κ(E , β), then the previous λ1, · · · , λr will be r eigenvalues of β and
the discriminant locus will correspondence to the point that β have common eigenvalues.
Proposition A.2. DΘ is complex analytic. Suppose Θ = κ(E , β) 6= 0 and Tr(β) = 0,
rank E = 2, then DΘ ( X.
Proof. The proof is the same as Proposition 2.11. 
A.2. Vafa-Witten Equations. Let (E,H) be a Hermitian vector bundle with det(H) = 1.
Let A be a unitary connection and β + β† be a Hermitian n-forms with β ∈ Ωn,0X , then the
Vafa-Witten equations over closed Ka¨hler manifold can be written as
F 0,2A = 0, ∂¯Aβ = 0, iΛFA.ω
n + [β, β†] = 0,(14)
Given any (A, β + β†), the GC action is given by we define the complex gauge group
g ∈ GC acts on (A,φ) by
dAg = ∂¯Ag + ∂Ag = g
−1 ◦ ∂¯A ◦ g + g⋆ ◦ ∂A ◦ g⋆−1,
βg = g−1 ◦ β ◦ g, (β†)g = g† ◦ ϕ† ◦ g†−1.
We have the following Kobayashi-Hitchin correspondence for (14):
Theorem A.3. [1, 4] Let (E , β) be a stable Vafa-Witten pair, then this exists a complex
gauge transform g which is unique up to positive constant such that (Ag, βg, β†,g) satisfies
the Vafa-Witten equations (14).
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Let (A, β + β†) be a solution to the Vafa-Witten equations (14), over Ωn,0X ⊗End(E), we
define ∇A be the wrapped connection of dA and the induced Levi-Civita connection over
Ωn,0X . We have the following identities, which can be computed exactly in the same way as
Lemma 3.1.
Lemma A.4. We have the following identities:
(i) Let s be a holomorphic section of E satisfies [β, s] = 0, we have
∆|s|2 + |∂As|2 + |[β†, s]|2 = 0.
(ii)
(15) ∆|β|2 + 2|∇Aβ|2 + C1|[β, β†]|2 +R(β♯β) = 0,
where C1 is a positive constant depends only on the dimension and R(β♯β) satisfies
the bound |R(β♯β)| ≤ C|β|2.
Lemma A.5. Let B2R be a open ball over X with 2R less than the injective radius, let M
be the maximal of eigenvalues of β over BR, then
(i) ‖β‖L∞(X) ≤ C‖β‖L2(X)
(ii) maxk ‖pk(β)‖
1
k
L2(BR)
≤ C‖β‖L2(X),
(iii) M ≤ Cmaxk ‖pk(β)‖kL∞(BR),
(iv) ‖β‖L2(X) ≤ C(maxk ‖pk(β)‖
1
k
L2(BR)
+ 1).
Proof. Using the identities in Lemma A.4, then proof of this statement will be exactly the
same as Lemma 3.2, Proposition 3.8 and Lemma 3.10 by changing ϕ to β and we omit the
proof. 
We have the following corollary, which can be proved in the same way as Theorem 3.12
by changing ϕ to β.
Corollary A.6. Let (E,H,Ai, βi + β
†
i ) be a sequences of solutions to the Vafa-Witten
equations, we define ri := ‖βi‖L2(X) and write βˆi = r−1i βi, then
(i) Suppose ri ≤ C, then pk(βi) convergence in C∞ topology over X.
(ii) Suppose lim ri =∞, then passing to a unbounded subsequece, we have
(a) pk(βˆi) convergence in C
∞ topology over X to pk,∞ where pk,∞ ∈ H0(KkX),
(b) (p1,∞, · · · , pk,∞) 6= 0.
A.3. Local Estimates and the Compactness Statement. Let (E,H,A, βi + β
†
i ) be a
sequence of solutions to (14), we denote ri = ‖βi‖L2(X) and define βˆi := r−1i βi with the
corresponding spectrum date Θ
βˆi
= (p1(βˆi), · · · , pr(βˆi)). By Corollary A.6, Θβˆi conver-
gence to Θ∞ smoothly over X. We write Di be the discriminant locus of Θβˆi and D∞ be
the discriminant locus of Θ∞, then Di convergence to D∞. We have the following local
estimates:
Theorem A.7. Over the Hermitian vector bundle (E,H), for the sequence (Ai, βi + β
†
i ),
let p ∈ X \D∞, there exists i0, dp,∞ and Rp,∞ only depends on Θ∞ such that over BRp,∞,
for i ≥ i0, we have
|iΛFAi | ≤ Ce−C
′ridp,∞ , |[βˆi, βˆ†i ]| ≤ Ce−C
′ridp,∞ ,
‖d⋆AiFAi‖Lp ≤ Crie−C
′ridp,∞‖∇Ai βˆi‖Lp ,
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Proof. This is a combination of Proposition 4.5 4.9, 4.10 and 4.11 by changing ϕ to β. In
fact, comparing to the Hitchin-Simpson equations, as KX is a line bundle, we don’t need
to choose local frame of KX and the proof will be much more easier in the Vafa-Witten
case. 
We define the adiabatic Vafa-Witten equations as
(16) F 0,2A = 0, ∂¯Aβ = 0, iΛFA = 0, [β, β
†] = 0,
then we obtain the following theorem for finite energy solutions:
Theorem A.8. Let X be a closed Ka¨hler manifold and let E be a rank r vector bundle with
Hermitian metric H. Let (Ai, βi) be a sequence of solutions to the Vafa-Witten equations
(14) and we write ri := ‖βi‖L2(X).
Suppose the sequence {ri} has no bounded subsequence, we write βˆi := r−1i βi and denote
(p1(βˆi), · · · , pr(βˆi)) ∈ ⊕ri=1H0(KiX) be the image under the Hitchin morphism, then
(a) (p1(βˆi), · · · , pr(βˆi)) convergence smoothly over X to (p1,∞, · · · , pr,∞) with pk,∞ ∈
H0(KkX). We write ZT ⊂ X be the discriminant locus defined by (p1,∞, · · · , pr,∞).
(b) Suppose ZT ( X and suppose there exists a uniform constant C0 such that
(17)
ˆ
X\ZT
|FAi |2 ≤ C0,
then there exists a codimension 4 subset ZUh ⊂ X \ZT, a Hermtian vector bundle
(E∞,H∞) over X \ (ZUh ∪ ZT), unitary connection A∞ and Hermitian n-form β∞
such that over X \ (ZUh ∪ZT), for any p > 1, up to unitary gauge and passing to a
subsequence, we have (Ai, βi) convergence to (A∞, β∞) in L
p
1,loc topology
(c) A∞ is a Hermitian-Yang-Mills connection and (A∞, β∞) satisfies the adiabatic Vafa-
Witten equations (16),
(d) When rank E = 2, then ZT can be chosen to have codimension at least 2.
Proof. (a) follows directly from (A.6). For (b), by Theorem A.7, for each p ∈ X \ZT, there
exists Rp, dp such that for i large enough, we have the following estimate over BRp :
|iΛFAi | ≤ Ce−C
′ridp , |[βˆi, βˆ†i ]| ≤ Ce−C
′ridp .
We define the Uhlenbeck singularity set as
ZUh = ∩0<r<δ{x ∈ X \ ZT : lim inf
i→∞
r4−2n
ˆ
Br(x)
|FAi |2dV ≥ ǫ0},
then by our assumption (17) and the Uhlenbeck compactness Theorem 5.2, over X \ (ZUh∪
ZT), there exists A∞ such that up to unitary gauge and subsequence Ai convergence to A∞
weakly in Lp1,loc. The convergence of βˆi weakly to βˆ∞ over L
p
1,loc over X \(ZUh∪ZT) follows
immediately by Lemma A.5 and the elliptic estimate for ∂¯Ai βˆi = 0.
For (c), by Theorem A.7, over X \ (ZUh ∪ ZT), we have limi→∞ ‖d⋆AiFAi‖Lp = 0 and
limi→∞ |ıΛFAi | = 0. Therefore, over X \ (ZUh ∪ ZT), we have iΛFA∞ = 0. (d) follows
directly from Proposition A.2. 
Remark. Unfortunately, currently we need to make a technical assumption (17) that the
connection Ai has uniform energy bound. Currently, we don’t know how to obtain this
estimate. In addition, when dimX = 4, Taubes in [34] could obtain the convergence of βi
without the assumption (17).
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